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In this note we demonstrate the existence of linear delay differential equations
whose solutions are neither generically oscillatory nor generically nonoscillatory.
Q 1999 Academic Press
1. INTRODUCTION
w xIn 1 , the authors established a generic oscillation theory for delay
differential equations of the form
n
Xy t q a y t y t s 0 t ) 0 1.1Ž . Ž . Ž .Ž .Ý j j
js1
y t s f t yt F t F 0 1.2Ž . Ž . Ž . Ž .
 4 Ž . w xwhere a g R_ 0 , t G 0 j s 1, . . . , n , f g C yt , 0 , and t sj j
max t .1F jF n j
Ž . Ž .The existence and uniqueness of solutions of 1.1 and 1.2 are known
Ž w x. Ž . Ž .see 2 . We say that a solution y of 1.1 and 1.2 is oscillatory if y has
arbitrarily large zeros; that is, for each M there exists t ) M such that
Ž .y t s 0.
Ž . Ž .DEFINITION 1.1. We say that the solutions of 1.1 and 1.2 are generi-
w xcally oscillatory if the set of all f g C yt , 0 for which the corresponding
Ž . Ž .solution y of 1.1 and 1.2 is nonoscillatory is nowhere dense inf
w xC yt , 0 .
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Ž . Ž .We say that solutions of 1.1 and 1.2 are generically nonoscillatory if
w xthe set of all f g C yt , 0 for which the corresponding solution of y off
Ž . Ž . w x1.1 and 1.2 is oscillatory is nowhere dense in C yt , 0 .
w x w xA subset of C yt , 0 is nowhere dense in C yt , 0 if its closure has an
Ž . Ž .empty interior. As such, if the solutions of 1.1 and 1.2 are generically
oscillatory, then the set of initial functions that produce oscillatory solu-
tions is overwhelming compared to the set of those that produce nonoscil-
latory solutions, and in this sense a solution is most likely oscillatory. The
theory is based on the location of a leading root of the characteristic
equation
n
ylt jl q a e s 0. 1.3Ž .Ý j
js1
Ž .Asymptotic stability of the trivial solution of 1.1 and oscillatory behav-
Ž . Ž w x.ior of solutions of 1.1 are known see 3]6 . In particular, the zero
Ž . Ž .solution of 1.1 is asymptotically stable if and only if all roots of 1.3 lie in
Ž .the open left half plane, and all solutions of 1.1 are oscillatory if and only
Ž .if no roots of 1.3 are real. The criteria for generic oscillation or generic
Ž . Ž .nonoscillation reduce to leading root s of 1.3 being real or nonreal.
DEFINITION 1.2. We say that the characteristic equation has a real
Ž . Ž .leading root x if x is a root of 1.3 and all other roots of 1.3 lie in the0 0
 4 Ž .half plane Re l - x . We say that 1.3 has complex leading roots0
Ž . Ž . Ž .x " iy y / 0 if x " iy are roots of 1.3 and all other roots of 1.30 0 0 0 0
 4lie in the half plane Re l - x .0
w xThe main result of 1 is as follows.
Ž . Ž .THEOREM 1.1. a If 1.3 has a real leading root, then the solutions of
Ž . Ž .1.1 and 1.2 are generically nonoscillatory.
Ž . Ž . Ž .b If 1.3 has complex leading roots, then the solutions of 1.1 and
Ž .1.2 are generically oscillatory.
w xIn this note we answer a question left open in 1 ; that is, if there is a tie
for the ``rightmost'' roots between a real root and a complex pair, is it
possible for neither of the sets of initial functions leading to oscillatory or
w xnonoscillatory solutions to be nowhere dense in C yt , 0 ?
There are two distinct aspects to this question. The first is whether there
can be a tie for the rightmost root between a real root and a complex pair.
We will first demonstrate that such a tie cannot occur when all the
coefficients a are of the same sign. In particular, such a tie cannot occurj
when there is only one delay. However, we will show that such a tie does
indeed happen with two delays and coefficients of opposite sign. This
NOTE 593
brings us to focus on the main question. When such a tie occurs with equal
multiplicities, we answer the main question in the affirmative. That is,
there are nonempty open sets of initial functions that produce oscillatory
solutions, and there are nonempty open subsets of initial functions that
produce nonoscillatory solutions.
2. GENERIC AND NONGENERIC OSCILLATIONS FOR DDES
Ž .THEOREM 2.1. If all the coefficients of 1.3 ha¤e the same sign, then
Ž .there cannot be a tie for the leading roots of 1.3 between a real root and
complex pair.
Ž .Proof. Suppose that all the coefficients in 1.3 have the same sign.
Ž . Ž .That is, a ) 0 j s 1, . . . , n or a - 0 j s 1, . . . , n . Suppose that l s xj j 0
Ž .is a real root of 1.3 ; that is,
n
yx t0 jx q a e s 0. 2.1Ž .Ý0 j
js1
Ž .Suppose further that z s x q iy is a root of 1.3 , so that0 0
n
yx t0 jx q iy q a e cos y t y i sin y t s 0. 2.2Ž .Ž .Ý0 0 j 0 j 0 j
js1
Ž .Separating real and imaginary parts of 2.2 we obtain
n
yx t0 jx q a e cos y t s 0 2.3Ž .Ý0 j 0 j
js1
and
n
yx t0 jy y a e sin y t s 0. 2.4Ž .Ý0 j 0 j
js1
Ž . Ž .From 2.1 and 2.3 we obtain that
n
yx t0 ja e 1 y cos y t s 0,Ž .Ý j 0 j
js1
Ž . yx 0t jand thus cos y t s 1 j s 1, . . . , n since each 1 y cos y t G 0 and a e0 j j j j
Žare all positive or all negative. It follows then that sin y t s 0 j s0 j
. Ž .1, . . . , n and by 2.4 , y s 0.0
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Ž .THEOREM 2.2. Assume that Eq. 1.3 has a tie for the rightmost root
between a real root x and a single complex pair x " iy where x has0 0 0 0
multiplicity l and x " iy ha¤e multiplicity k.0 0
Ž . Ž . Ž .1 If l ) k then the solutions of 1.1 and 1.2 are generically
nonoscillatory.
Ž . Ž . Ž .2 If l - k the solutions of 1.1 and 1.2 are generically oscillatory.
Ž . Ž . Ž .3 If l s k the solutions of 1.1 and 1.2 are neither generically
oscillatory nor generically nonoscillatory.
w xProof. In 1 , the authors used Laplace transforms to derive an asymp-
Ž . Ž .totic representation of the solution y of 1.1 and 1.2 corresponding tof
Ž . w xthe initial function f. From 2.10 in 1 , the contribution of the real root
x with multiplicity l to the inversion integral is0
ly1
x t ly1yj0a t s e t L f 2.5Ž . Ž . Ž .Ý j
js0
w xwhere each L is a continuous linear functional on C yt , 0 , and inj
particular
n t1 j yx ¤0L f s H x f 0 y a e f ¤ y t d¤Ž . Ž . Ž . Ž .Ý H0 1 0 j jž /l y 1 !Ž . 0js1
is nontrivial. Here
kz y xŽ .0
H z sŽ .1 n yzt jz q Ý a ejs1 j
Ž . Ž . w xis analytic at x and H x / 0. From 2.11 in 1 , the contribution of the0 1 0
complex pair of roots x " iy with multiplicity k to the inversion integral0 0
is
ky1
2 2x t ky1yj 1 20b t s 2 e t cos y t q u L f q L f , 2.6'Ž . Ž . Ž . Ž .Ž .Ý 0 j j j
js0
1 2 w xwhere each L and L is a continuous linear functional on C yt , 0 andj j
1 Ž . 2 Ž .each u is a constant. The functional evaluations L f and L f are thej 0 0
real and imaginary parts of
n tH x q iyŽ . j2 0 0 yŽ x qi y .¤0 0f 0 y a e f ¤ y t d¤ ,Ž . Ž .Ý Hj jž /k y 1 !Ž . 0js1
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where
kz y x y iyŽ .0 0
H z sŽ .2 n yzt jz q Ý a ejs1 j
Ž .is analytic at x q iy and H x q iy / 0. The proof of Theorem 2.1 in0 0 2 0
w x Ž .1 yields in the present case
y t s a t q b t q g t , 2.7Ž . Ž . Ž . Ž . Ž .f
Ž . Ž x 0 t.where g t s o e as t “ ‘. Let t be the second largest of theny1
w x w xdelays. For f g C yt , 0 with f ’ 0 on yt , 0 ,ny1
tytny1 yx ¤0L f s c f ¤ y t e d¤Ž . Ž .H0 1 n
0
where c is a nonzero real constant and1
L1 f q iL2 f s c q icŽ . Ž . Ž .0 0 1 2
tytny1 yx ¤0= f ¤ y t e cos y ¤ y i sin y ¤ d¤Ž . Ž .H n 0 0
0
where c q ic is a nonzero complex number. It is now clear from these1 2
representations that the linear functions L , L1 , L2 are linearly indepen-0 0 0
w x Ž . Ž . Ž .dent on C yt , 0 . If l ) k and L f / 0, then 2.6 , 2.5 , and the order0
Ž . Ž x 0 t. Ž . Ž .g t s o e as t “ ‘ imply that y t given 2.7 is nonoscillatory, andf
Ž . Ž .thus the oscillatory solutions of 1.1 and 1.2 can arise only for f in the
 w x Ž . 4nowhere dense set ker L s f g C yt , 0 : L f s 0 . Similarly, if k )f 0
l , then the nonoscillatory solution can arise only for f in the nowhere
1 2 Ž .dense set ker L l ker L . Finally, if k s l , then 2.5 yields that y is0 0 f
oscillatory if
2 21 2'L f - 2 L f q L f 2.8Ž . Ž . Ž . Ž .0 0 0
and y is nonoscillatory iff
2 21 2'L f ) 2 L f q L f . 2.9Ž . Ž . Ž . Ž .0 0 0
w x Ž . Ž .The sets G and L of all f g C yt , 0 satisfying 2.8 and 2.9 , respec-
tively, are open. To see that these sets are nonempty, we appeal to the fact
that a linear functional is linearly dependent on a finite set of linear
functionals if and only if its kernel contains the intersection of the kernels
Ž w x.of linear functionals in the finite set see 7, p. 69 . As such there is a
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w x Ž . 1 Ž . 2 Ž .f g C yt , 0 for which L f / 0 while L f s L f s 0. Thus L is0 0 0
open and nonempty. Similarly, G is open and nonempty. The proof now is
complete.
3. EXAMPLE
Ž .As noted above, the primary question is to show that part 3 of
Theorem 2.2 is not vacuous. To do so, we consider the delay differential
equation
p 11p
Xy t q y t y y y t y s 0.Ž . ž / ž /6 6
In this example the characteristic function is
w s l q eyŽplr6. y eyŽ1 1plr6. . 3.1Ž .
It is easy to see that 0, i, yi, are zeros of w with the same multiplicity
one. Our goal now is to show that w has no other zeros in z s g q iy:
4g G 0 , and thus these roots are the rightmost roots.
Ž . < <Suppose that z s x q iy is a zero of 3.1 , and x G 0. Then z F 2 since
< < < < < yp lr6 < < y11plr6 < < <0 s w G z y y e y e G z y 2.
Also note that
w x s x q eyp x r6 y ey11p x r6 .Ž .
Since
eyp x r6 y ey11p x r6 ) 0
if x ) 0, and
eyp x r6 y ey11p x r6 - 0
if x - 0, w has no real zeros other than 0. Since the complex zeros of w
occur in conjugate pairs, we restrict our search for zeros of w to z s x q iy:
< < 4z F 2, x G 0, y ) 0 .
Now w s 0 if and only if
p 11p
yp x r6 y11p x r6x q e cos y y e cos y s 0 3.2Ž .
6 6
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and
p 11p
yp x r6 y11p x r6y y e sin y q e sin y s 0. 3.3Ž .
6 6
p 11p pŽ .For Eq. 3.2 if x G 0, cos y ) cos y, and cos y ) 0, then6 6 6
p 11p
yŽp x r6. yŽ11p x r6.e cos y ) e cos y
6 6
and
p 11p
yŽp x r6. y11p x r6x q e cos y y e cos y ) x G 0.
6 6
p w xNote that cos y ) 0 for y g 0, 2 . In what follows, sketches of the6
p 11pfunctions u s cos y and cos y for 0 F y F 2 on the same axis and6 6
p 11pu s sin y and sin y for 0 F y F 2 on the same axis are very revealing.6 6
p 11pŽ xAlso, for y g 0, 2 , cos y F cos y only for 1 F y F j and y s 2 for6 6
12Ž .some j g , 2 . Also at 2 i, w / 0. This further restricts the search to the11
 < < 4strip z s x q iy: x G 0, 1 F y F j , z F 2 .
Ž .Now Eq. 3.3 is equivalent to
p 11p
yp x r6 y11p x r6y s e sin y y e sin y. 3.4Ž .
6 6
12 11pFor F y F j , sin y G 0 so that11 6
p 11p p p
yŽp x r6. yŽ11p x r6.e sin y y e sin y F sin y F y - y.
6 6 6 6
This restricts the search further to the smaller strip z s x q iy: x G 0, 1
12 p 11p 12< < 4 w .F y F , z F 2 . Consider u s sin y y sin y on 1, . We have that11 6 6 11
12Ž . Ž .u 1 s 1 and 0 - u - 1. Also11
p p 11p 11p p p p p
Xu y s cos y y cos y - cos y y cos y s 0Ž .
6 6 6 6 6 6 6 6
12 12 12Ž . Ž .for 1 - y - . Thus 0 - u - 1 on 1, . Also on 1, ,11 11 11
p 11p
yp x r6 y11p x r6e sin y y e sin y
6 6
p 11p
yp x r6 yp x r6 Žyp r6. xF e sin y y e sin y F e F 1 - y.
6 6
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If x ) 0 and y s 1, the calculations above yield
p 11p 1
yp x r6 y11p x r6 Žyp r6. x Žy11p r6. xe sin y y e sin y s e q e - 1 s y.Ž .
6 6 2
The remaining strip has been removed, and thus, 0, i, and yi are the
Ž .rightmost roots of 3.1 .
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